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Abstract. H is the theory extending β-conversion by identifying all closed unsolvables.
Hω is the closure of this theory under the ω-rule (and β-conversion). A long-standing
conjecture of H. Barendregt states that the provable equations of Hω form a Π11-complete
set. Here we prove that conjecture.
1. Introduction
There is a strong need to make theorem provers such as COQ or ISABELL/HOL more
and more powerful (see e.g. [3], [2], [1]). In particular it seems very hard to automatically
set up inductive arguments to get universal conclusions. In this sense, the use of some
(constructive) kind of ω-rule is very appealing since one could get a universal conclusion
from, say, a finite number of cases. Typically, this happens when for every property P
of interest, there exists a computable upper bound k such that if every ground term of
complexity less than k satisfies P then ∀x.P (x) holds, so that a universal conclusion can be
obtained e.g. by a systematic search on a finite set of cases.
Therefore, it is important to precisely assess the logical power of the ω-rule in the
different computational contexts. Here we consider the ω-rule in the λβ-calculus. We have
already considered constructive forms of such rule in [6], obtaining recursively enumerable
λ-theories which are closed under the ω-rule. Moreover, in [7], we have considered the more
important problem of the ω-rule added to the pure λβ-calculus. We have shown that the
resulting theory is not recursively enumerable, by giving a many-one reduction of the set of
true Π0
2
sentences to the set of consequences of the lambda calculus with the ω-rule. This
solved in the affirmative a well known problem of H. Barendregt [4, 5]. More recently we
have obtained the result ([8]) that such theory is not even arithmetical.
Here we consider the problem of determining the computational power of the ω-rule
added to the theory H. H is the theory obtained extending λβ by identifying all closed
unsolvable terms. We prove that the resulting theory Hω is Π1
1
-complete, which solves
another long-standing conjecture of H. Barendregt (see [4] Conjecture 17.4.15).
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2. The System Hω
Notation will be standard and we refer to [4], for terminology and results on λ-calculus.
In particular:
• ≡ denotes syntactical identity;
• by the notation [X/x]Y we mean the replacement of term X for the variable x inside Y ,
with the usual proviso that no free variable y of X, with y 6≡ x, becomes bounded after
the substitution (see [4] 2.1.11-2.1.14);
• −→β, −→η and −→βη denote β-, η- and, respectively, βη-reduction and −→
∗
β −→
∗
η and
−→∗βη their respective reflexive and transitive closures;
• =β and =βη denote β- and, respectively, βη-conversion;
• combinators (i.e. closed λ-terms) such e.g. I have the usual meaning;
• k denotes the k-th Church numeral.
λ-terms are denoted by capital letters: in particular we adopt the convention that M,N,P,
Q, . . . are closed terms and U, V,X, Y,W,Z are possibly open terms.
The notion of λ-theory has the usual meaning of [4] Ch.4, that is a consistent set of
equations between closed terms, which is closed under the axioms and the rules of λβ-
calculus. We now briefly recall the λ-theories we are concerned with.
By λβ we denote pure β-convertibility (see [4]). H is the λ-theory extending λβ by
identifying all closed unsolvable terms, see [4] Definition 4.1.6. We recall that this λ-theory
can be formulated by adding to λβ all equations of the form M = Ω, where M is a closed
unsolvable term, the combinator Ω is defined as ωω and ω is λx.xx. Moreover, we recall
also that H is generated by the notion of reduction βΩ, see [4] Lemma 16.1.2. The notion of
reduction βΩ is defined by adding to the β-reduction rule, the (non constructive) reduction
rule:
M −→ Ω if M is unsolvable and M 6≡ Ω
see [4] Section 15.2.
Hω is the λ-theory obtained by adding the so called ω-rule to H, see [4] Definition
4.1.10 and Paragraph 4.2.
We formulate Hω differently. As the reader will see, we want a formulation of the
theory such that only equalities between closed terms can be proven.
Definition 2.1. Equality in Hω (denoted by =ω) is defined by the following axioms and
rules:
(1) Identity Axioms:
M =ω M
(2) Weak βΩ-Conversion Axioms:
(λx.U)N =ω [N/x]U
[N/x]U =ω [N/x]U
M =ω Ω
Ω =ω M
(with (λx.U)N closed)
(with (λx.U)N closed)
(with M closed and unsolvable)
(with M closed and unsolvable)
(3) Leibnitz Rule: Substitute Equals for Equals:
[M/z]X =ω [M/z]Y M =ω N
[N/z]X =ω [N/z]Y
